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We theoretically investigate effects of lattice distortions on the spin ordering of classical Heisen-
berg antiferromagnets on the breathing pyrochlore lattice. In the model, local lattice distortions
originating from the site vibration are taken into account to yield effective spin interactions via
the spin-lattice coupling (SLC). The breathing lattice-alternation is characterized by the ratio of
the nearest-neighbor interaction for large tetrahedra to that for small ones, J ′/J . It is found by
Monte Carlo simulations that the system exhibits a first-order transition into four different types of
collinear magnetic ordered states. In the uniform case (J ′/J = 1), the state realized at stronger SLC
is cubic-symmetric characterized by the ( 1
2
, 1
2
, 1
2
) magnetic Bragg peaks, while the one at weaker SLC
is tetragonal-symmetric characterized by the (1, 1, 0) ones. With increasing the breathing distortion
(decreasing J ′/J), the ordering pattern of the ( 1
2
, 1
2
, 1
2
) state becomes non-cubic with its magnetic
Bragg reflections almost unchanged, while the (1, 1, 0) state is robust. The non-cubic state peculiar
to the breathing pyrochlores is further categorized into two types. We demonstrate that these two
non-cubic orderings result in the massive degeneracy of the ground state and that the associated
residual entropy per spin takes characteristic values of ≃ ln(4)
16
kB and ≃
ln(6)
16
kB. Experimental
implications of the results are discussed.
I. INTRODUCTION
In frustrated magnets, it often happens that spins are
coupled to the lattice degrees of freedom and the underly-
ing lattice is distorted spontaneously to resolve the mag-
netic frustration, leading to a magnetic long-range order.
The spinel chromium oxides ACr2O4 provide a typical ex-
ample of such a spin-lattice-coupled ordering [1–4], where
the magnetic ion Cr3+ forms the pyrochlore lattice, a
three-dimensional network of corner-sharing tetrahedra.
Of recent particular interest is another type of chromium
oxides AA’Cr4O8 where Cr
3+ forms the so-called breath-
ing pyrochlore lattice consisting of an alternating array
of small and large tetrahedra. Roles of the breathing al-
ternation on the spin-lattice-coupled ordering have been
extensively studied in experiments [7–12]. In view of such
a situation, we theoretically investigate in this paper, ef-
fects of both the spontaneous distortion and the breath-
ing alternation of the lattice on the spin ordering in py-
rochlore antiferromagnets.
In the uniform pyrochlore antiferromagnets ACr2O4
(A=Zn, Cd, Hg, Mg), each Cr3+ ion has Hund-coupled
three 3d electrons in the three-fold t2g level, so that it
constitutes a S = 3/2 localized spin. Since a mag-
netic anisotropy is relatively weak and the orbital degrees
of freedom are absent, the classical Heisenberg model
should provide a reasonable modeling. It is theoreti-
cally established that the classical Heisenberg spins on
the pyrochlore lattice with the antiferromagnetic nearest-
neighbor (NN) interaction do not order at any finite tem-
perature due to a massive ground-state degeneracy [13–
15]. In real materials, weak perturbative interactions
such as further-neighbor interactions would lift the de-
generacy, eventually leading to a magnetic ordering or,
alternatively, spins freeze in a highly-degenerate config-
uration leading to a residual macroscopic ground-state
entropy. In the ACr2O4 compounds, the degeneracy
is lifted by lattice distortions. It has been reported
that the ACr2O4 family undergoes a first-order transi-
tion into a magnetic long-range-ordered state accompa-
nied by a simultaneous structural transition which low-
ers the original cubic crystal symmetry to the tetragonal
or orthorhombic one [1–4]. In spite of the spin-lattice-
coupling (SLC) commonly seen in these compounds, the
spin-ordering patterns vary from material to material
[2, 4–6].
Similar magnetostructural transitions have been also
observed in the breathing pyrochlore antiferromagnets
Li(Ga, In)Cr4O8 where due to the bond alternation, the
NN interactions on small and large tetrahedra, J and
J ′, take different values and the ratio J ′/J is estimated
to be J ′/J ∼ 0.1 and 0.6 in the In and Ga compounds,
respectively [7]. In LiInCr4O8 with stronger bond alter-
nation, the magnetic transition splits up with the struc-
tural one and becomes of second order [8–11], whereas in
LiGaCr4O8 with weaker bond-alternation, such a split-
ting is nominal and the transition remains of first order
[8–10]. In the both cases, the structural transition is
incomplete and the low-temperature ordered phase is a
coexistence of the original cubic and the emergent tetrag-
onal crystal symmetries, each forming a distinct mag-
netic domain [9, 10]. Although extensive experimental
studies have been done on compounds hosting breathing
pyrochlore lattices such as substituted chromium spinel
oxides [12, 16–18] and chromium spinel sulfides [19, 20],
relevant theoretical studies are limited to the Heisenberg
model with only the bilinear NN interaction in which the
lattice degrees of freedom are not taken into account [25–
27]. With this NN model for the classical spin system,
the massive ground-state degeneracy for the uniform py-
rochlore lattice with J ′/J = 1 cannot be lifted by the
change in the ratio J ′/J alone [25].
2In this paper, to shed light on roles of the breathing
structure on magnetic long-range orderings, we theoreti-
cally investigate effects of local lattice distortions on the
ordering of classical Heisenberg spins in the presence of
the breathing lattice-alternation, bearing the chromium
oxides in our mind. Our analysis is based on the “site-
phonon” Heisenberg model, which is a possible minimal
model to describe the spin-lattice-coupled orders in the
uniform pyrochlore antiferromagnets, as we will explain
below.
Most of the theoretical studies on the SLC in the uni-
form pyrochlore lattice can be categorized into two main
streams: one is a phenomenological theory [28, 29] based
on a group theoretical approach developed by Yamashita
and Ueda [30], and the other is a microscopic theory
based on the so-called “bond-phonon” [31–33] and “site-
phonon” [34–37] Heisenberg models. The latter has bear-
ing on this work. In the bond-phonon model, which was
introduced to qualitatively explain the in-field proper-
ties of ACr2O4 [3, 38–41], the lattice deformation is as-
sumed to occur independently at each bond, namely, inde-
pendent bond-length vibrations are assumed. In reality,
however, a magnetic ion at each site vibrates implying a
strong correlation among the surrounding bond lengths.
In the counter model of “site phonon”, the Einstein
model was assumed for the lattice-vibration part. In con-
trast to the “bond-phonon” model in which a first-order
transition occurs into a nematic state with spins being
collinearly aligned but not magnetically ordered unless
perturbative interactions are incorporated [31–33], the
“site-phonon” coupling yields effective further neighbor
interactions, inducing a first-order transition into two dif-
ferent types of collinear magnetic long-range orders. The
state realized at stronger SLC is cubic-symmetric charac-
terized by the magnetic (12 ,
1
2 ,
1
2 ) Bragg peaks, while that
at weaker SLC is tetragonal-symmetric characterized by
the (1, 1, 0) ones, each accompanied by commensurate
local lattice distortions [37]. Experimental data show
that complex Bragg-peak patterns of ACr2O4 (A=Zn,
Cd, Hg) [2, 5, 6] basically involve (1, 1, 0) reflections as
observed in the weak SLC regime, suggesting that the
site-phonon coupling is a key ingredient for the mag-
netic ordering in these compounds. In this paper, we
will examine how the above ordering properties of the
site-phonon Heisenberg model are affected by the nonuni-
formity of the breathing lattice-distortion.
Our results are summarized in the phase diagram of
Fig. 1, where J ′/J and b (b′) are dimensionless pa-
rameters measuring the breathing alternation and the
SLC for small (large) tetrahedra, respectively. There
are four different types of collinear spin-ordered states.
One is characterized by the (1, 1, 0) magnetic Bragg
peaks, and the others by the (12 ,
1
2 ,
1
2 ) ones. The
former (latter) is realized in the weak (strong) SLC
regime with smaller (larger) values of b and b′. Both
the tetragonal-symmetric (1, 1, 0) state and the cubic-
symmetric (12 ,
1
2 ,
1
2 ) one appearing on the uniform py-
rochlore lattice with J ′/J = 1 are robust against mod-
FIG. 1: The parameter dependences of the low-temperature
ordered phases in the site-phonon Heisenberg model. There
are four different types of collinear spin states. One is charac-
terized by the (1, 1, 0) magnetic Bragg peaks, and the others
by the ( 1
2
, 1
2
, 1
2
) ones. (a) Their stability regions in the b-J ′/J
plane for b′ = b, and (b) those in the b-b′-J ′/J space. Results
of our MC simulations are represented by colored points. The
tetragonal-symmetric (1, 1, 0) state [Fig. 4(c)] is obtained at
pink colored points, whereas the three ( 1
2
, 1
2
, 1
2
) states, the
cubic-symmetric type-I [Fig. 5(d)], non-cubic type-II [Fig.
6(d)], and non-cubic type-III [Fig. 7(d)] orders are obtained
at cyan, blue, and green colored points, respectively. The or-
ange curve and mesh denote the analytically obtained phase
boundary between the (1, 1, 0) and ( 1
2
, 1
2
, 1
2
) states [Eq. (13)
in (a) and Eq. (14) in (b)].
erately breathing lattice-distortions, namely, moderate
decrease in J ′/J . With further decreasing J ′/J , the
originally cubic ordering pattern of the (12 ,
1
2 ,
1
2 ) state,
which we call type I as will be detailed in Sec. V A,
becomes non-cubic with its magnetic Bragg reflections
almost unchanged, which we call type II and III as will
be detailed in Sec. V B. We demonstrate that in the
type-II and type-III orders, the non-cubic spin configu-
ration possesses a massive ground-state degeneracy which
manifests itself as a distinct macroscopic residual entropy
associated with its ordering rule.
This paper is organized as follows: In Sec. II, we intro-
duce the microscopic site-phonon Heisenberg model. The
basic ordering properties of this model will be discussed
based on analytical calculations in Sec. III. In Secs. IV
and V, we will show results of our Monte Carlo (MC)
simulations for the (1, 1, 0) state in the weak SLC regime
3and the (12 ,
1
2 ,
1
2 ) states in the strong SLC regime, respec-
tively. We end the paper with summary and discussions
in Sec. VI.
II. MODEL
We derive our spin Hamiltonian describing the SLC
in the presence of the breathing lattice-distortion.
Throughout this paper, the NN sites denote the neigh-
boring sites connected by a single bond independent of
its length, while further neighboring sites such as the sec-
ond and third NN ones are defined in the same way as
that for the uniform pyrochlore lattice, namely, by the
distance between two sites. In the site-phonon model,
the displacement vector ui at each site i from its regular
position r0i on the lattice is assumed to be independent
of the ones at the neighboring sites. Although in reality
neighboring ui’s should be correlated to each other, we
use here the site-phonon model because it is the simplest
and minimal model describing phonon-mediated spin in-
teractions. In addition, spin correlations mediated by the
phonons can conversely influence the phonon properties
via SLC [43–48], but such a feedback effect is ignored in
this model for simplicity.
In the site-phonon picture, an appropriate minimal
spin-lattice-coupled model might be
H =
∑
〈i,j〉
Jex
(|r0ij + ui − uj |)Si · Sj + c2
∑
i
|ui|2, (1)
where Si is the classical Heisenberg spin at the site i,
r0ij ≡ r0i − r0j , c an elastic constant, Jex the exchange
interaction which is assumed to depend only on the dis-
tance between the two spins, and the summation 〈i, j〉
is taken over all the NN sites. As the displacement is
usually small, i.e., |ui|/|r0i | ≪ 1, we can expand the ex-
change interaction with respect to the displacement as
follows:
Jex
(|r0ij+ui−uj |) ≃ Jex(|r0ij |)+dJexdr
∣∣∣
r=|r0
ij
|
eij ·(ui−uj),
(2)
where eij ≡ r0ij/|r0ij | is the unit vector connecting NN
sites i and j. Substituting Eq. (2) into Eq. (1), we
obtain
H =
∑
〈i,j〉
[
Jex
(|r0ij |)+ dJexdr
∣∣∣
r=|r0
ij
|
eij · (ui − uj)
]
Si · Sj
+
c
2
∑
i
|ui|2,
=
∑
〈i,j〉
Jex
(|r0ij |)Si · Sj + c2
∑
i
|ui − u∗i |2 −
c
2
∑
i
|u∗i |2,
u∗i = −
1
c
∑
j∈N(i)
dJex
dr
∣∣∣
r=|r0
ij
|
eij
(
Si · Sj
)
. (3)
Here, N(i) denotes all the NN sites of a site i. In Eq.
(3), one can see the direct coupling between the lattice
degrees of freedom ui and the spin degrees of freedom Si.
Integrating out the lattice degrees of freedom, or equiv-
alently, minimizing the Hamiltonian with respect to ui,
we can derive the effective spin interaction resulting from
the SLC. Since the minimization condition is ui = u
∗
i ,
the physical meaning of u∗i is clear: it is the optimal lo-
cal lattice distortion corresponding to the most probable
ui-value.
The NN sites on the breathing pyrochlore lattice con-
tain two kinds of sites associated with small and large
tetrahedra, and thus, we introduce two kinds of NN
exchange interactions J ≡ Jex
(|r0ij |Small) and J ′ ≡
Jex
(|r0ij |Large). The degree of the breathing lattice-
distortion is quantified by the ratio J ′/J ≤ 1. Then,
the Hamiltonian reads H = H0 +HSL,
H0 = J
∑
〈i,j〉S
Si · Sj + J ′
∑
〈i,j〉L
Si · Sj ,
HSL = − c
2
∑
i
|u∗i |2,
u∗i =
{√J b
c
∑
j∈NS(i)
+
√
J ′ b′
c
∑
j∈NL(i)
}
eij
(
Si · Sj
)
,
(4)
where the NN sites NS (L)(i) and the summation
〈i, j〉S (L) are defined only on the small (large) tetrahedra.
The dimensionless parameters
b =
1
cJ
[dJex
dr
∣∣
r=|r0
ij
|Small
]2
b′ =
1
cJ ′
[dJex
dr
∣∣
r=|r0
ij
|Large
]2
(5)
measure the strength of the SLC for small and large tetra-
hedra, respectively. We take J, J ′ > 0 and dJex/dr < 0,
so that b, b′ > 0. Note that the definition Eq. (5) in-
dicates that b′ can be larger than b depending on the r
dependence of Jex(r). In Eq. (4), H0 describes the NN
exchange interactions, and the spin interaction mediated
by the site phonon HSL can be rewritten more explicitly
as
HSL = −J b
∑
〈i,j〉S
(
Si · Sj
)2 − J ′ b′ ∑
〈i,j〉L
(
Si · Sj
)2
−
∑
i
{Jb
4
∑
j 6=k∈NS(i)
+
J ′b′
4
∑
j 6=k∈NL(i)
}(
Si · Sj
)(
Si · Sk
)
−
√
J J ′ b b′
∑
i
∑
j∈NS(i)
∑
k∈NL(i)
eij · eik
(
Si · Sj
)(
Si · Sk
)
.
(6)
All the terms in HSL are quartic in Si. The first, second,
and third lines describe the NN, intra-tetrahedra, and
inter-tetrahedra interactions, respectively. The sign of
the interactions in the first line is always negative, so
that these −(Si · Sj)2 terms tend to align neighboring
spins to be collinear and is known to be an origin of the
4spin nematic state. Spin collinearity can be measured by
the quantity
P =
3
2
〈 1
N2
∑
i,j
(
Si · Sj
)2 − 1
3
〉
, (7)
where N is a total number of spins and 〈O〉 denotes the
thermal average of a physical quantity O. The spin and
lattice-distortion correlations can be detected by measur-
ing the spin structure factor
FS(q) =
〈∣∣∣ 1
N
∑
i
Si e
iq·r0i
∣∣∣2〉 (8)
and the lattice-distortion structure factor
FL(q) =
〈∣∣∣ 1
N
∑
i
u∗i e
iq·r0i
∣∣∣2〉. (9)
Since the breathing alternation has already been incorpo-
rated in the spin Hamiltonian, we will take r0i in Eqs. (8)
and (9) as a regular position of the uniform pyrochlore
lattice ignoring the bond-length alternation for simplic-
ity. Because the local lattice distortion u∗i and the spin Si
are related by Eq. (4), u∗i is expected to order if the spins
order, showing the associated Bragg peaks in FL(q).
We note that the effective spin Hamiltonian in the
bond-phonon model in which each bond length instead of
the site position varies independently, is obtained in Eq.
(1) by replacing
∑
i |ui|2 with
∑
〈i,j〉 |eij ·
(
ui−uj
)|2 and
by integrating out the bond-length degrees of freedom
eij ·
(
ui − uj
)
. As a result, in the bond-phonon model,
only the first line of Eq. (6) is obtained.
III. EFFECTIVE ISING MODEL
In this section, we will discuss the ground-state order-
ing properties of the site-phonon Heisenberg model. To
better understand the ordering behavior of the Heisen-
berg model, we introduce the effective Ising model and
study its ordering properties. Namely, since the bi-
quadratic terms with the negative sign −(Si · Sj)2 favor
collinear spin states, which is actually verified by our MC
simulations in the site-phonon Heisenberg model as will
be shown in Secs. IV and V, we replace the Heisenberg
spins Si with the Ising variable σi, bearing collinear spin
states in our mind. In the case without SLC, four spins
on each tetrahedron satisfy the condition
σ1 + σ2 + σ3 + σ4 = 0 (10)
to minimize the NN antiferromagnetic interaction, lead-
ing to a two-up and two-down spin configuration on each
tetrahedron. In the case with SLC, our effective Ising
spin Hamiltonian H0 +HSL reads
HeffIsing = E0 + Jeff1
∑
〈i,j〉S
σiσj + J
eff
1′
∑
〈i,j〉L
σiσj
FIG. 2: Minimum eigen values of Jab(q) in the (h, h, l) [(a)
and (c)] and (h, k, 0) [(b)] planes. In (a), J ′/J = 1 is fixed
with varying b = b′. From top to bottom, b = b′ = 0.2,
0.25, and 0.35. In (b), J ′/J = 1 and b = b′ = 0.2. In (c),
b = b′ = 0.2 is fixed with J ′/J = 0.2 (upper panel) and 0.1
(lower one).
+ Jeff2
∑
〈〈i,j〉〉
σiσj + J
eff
3
∑
〈〈〈i,j〉〉〉
σiσj ,
E0 = −N 3
2
(Jb + J ′b′)
Jeff1 = J(1− b), Jeff1′ = J ′(1− b′),
Jeff3 = 2J
eff
2 =
√
JJ ′ b b′, (11)
where 〈〈i, j〉〉 and 〈〈〈i, j〉〉〉 respectively denote the sum-
mations over pairs of the second NN sites and the third
NN ones along the bond directions. Thus, the ground-
state spin correlation is determined by the J1-J2-J3 Ising
model. Due to the antiferromagnetic Jeff3 , which is twice
larger than Jeff2 , three spins on a straight lines tend not to
be parallel with each other [35]. Note that for extremely
strong SLC such that b > 1 or b′ > 1, the NN interac-
tion for small or large tetrahedra becomes ferromagnetic,
although such a strong SLC might be unphysical.
Now, we discuss the ordering properties of HeffIsing. In-
troducing the Fourier transform σi =
∑
q
σa
q
exp(iq · ri)
with the site index i = (a, ri) and the sublattice index a,
5FIG. 3: MC results of the effective Ising model Eq. (11)
with J ′/J = 1 obtained at b = b′ = 0.2 (a) and b = b′ =
0.35 (b). The main panel shows the temperature dependence
of the specific heat C, and the inset of (a) [(b)] shows the
spin structure factors FS(q) in the (h, h, l) plane obtained at
T/J = 0.28 (T/J = 0.8) in the ordered state.
we can rewrite HeffIsing into the following form [49, 50]
HeffIsing − E0 =
1
2
∑
i,j
Jijσiσj =
N
8
∑
q
4∑
a,b=1
Jab(q)σa
q
σb−q.
(12)
Here, we have used the four-sublattice representation in
which the sublattice indices a = 1, 2, 3, 4 correspond to
the four corners of a tetrahedron. Each component of
Jab(q) is given in Appendix A. Possible ordering wave-
vectors can be obtained by analyzing eigen values of
the 4-by-4 matrix Jab(q), Jmin(q). An ordering wave-
vector with the lowest eigen value should be realized in
the ground state, provided that the local spin-length con-
straints |σi| = 1 are satisfied.
Figure 2 (a) shows Jmin(q) in the q = 2pia (h, h, l) plane
in the uniform-pyrochlore case with J ′/J = 1 and b = b′.
One can see that at b′ = b = 0.2, the eigen value is
lowest near the wave vector ±(34 , 34 , 0) and that with in-
creasing the strength of the SLC b = b′, the eigen value
at the wave vector (12 ,
1
2 ,± 12 ), Jmin(12 , 12 , 12 ), gradually
decreases, eventually leading to the minimum value at
b = b′ = 0.35. We have checked that the lowest eigen
value in the (h, h, l) plane is the global minimum in the
whole q space, which indicates that the system would try
to take spin configurations characterized by these order-
ing wave-vectors.
To see the validity of the above analysis respecting
Jmin(q) but ignoring the local spin-length constraints,
we perform MC simulations for the effective Ising model
HeffIsing in the uniform-pyrochlore case with J ′/J = 1.
Figure 3 shows the MC results obtained for the effec-
tive Ising model HeffIsing. At each temperature, we per-
form 5 × 105 Metropolis sweeps for observations after
5× 105 sweeps for thermalization under periodic bound-
ary conditions and the statistical average is taken over 4
independent runs. One can see from the insets of Figs.
3(a) and (b) that the low-temperature ordered phase at
the weak SLC with b = b′ = 0.2 is characterized by the
(1, 1, 0)-type Bragg peaks, while the one at the strong
SLC with b = b′ = 0.35 is characterized by the (12 ,
1
2 ,
1
2 )-
type one, suggesting that the analysis based on Jmin(q)
is valid only in the strong SLC regime where the result-
ing (12 ,
1
2 ,
1
2 )-type order satisfies the spin-length condi-
tion. By contrast, the (34 ,
3
4 , 0)-type order expected from
the Jmin(q) analysis does not satisfy the spin-length con-
dition and cannot be stabilized. Note that as we will see
in the following section, this situation is also the case
in the original site-phonon Heisenberg model. Namely,
the (12 ,
1
2 ,
1
2 ) order is realized at stronger SLC, while the
(1, 1, 0) order is realized instead of the (34 ,
3
4 , 0) one at
weaker SLC. The obtained (1, 1, 0) order is favored prob-
ably due to the order-by-disorder mechanism, because in
Jmin(q) in the q = 2pia (h, k, 0) plane shown in Fig. 2(b),
the line degeneracy arises along (1, k, 0).
Next, we shall discuss the effect of the breathing al-
ternation J ′/J on the ordering properties. Figure 2(c)
shows Jmin(h, h, l) for the breathing pyrochlore lattice
with J ′/J = 0.2 and 0.1 at the weak SLC b′ = b = 0.2.
Compared with the corresponding uniform case with
J ′/J = 1 shown in the upper panel of Fig. 2(a), the
eigen values Jmin(12 ,
1
2 ,
1
2 ) and J
min(1, 1, 0) are competing
with each other in the breating cases, and at J ′/J = 0.1,
Jmin(12 ,
1
2 ,
1
2 ) becomes lower than J
min(1, 1, 0), suggest-
ing that the (12 ,
1
2 ,
1
2 ) state can easily show up in the
strongly breathing case. Since ordering vectors other
than the (1, 1, 0) and (12 ,
1
2 ,
1
2 ) families do not come into
play, we will examine the relative stability between these
two states.
For the uniform pyrochlore lattice with J ′/J = 1,
Jmin(1, 1, 0) = −2Jeff1 = −2J(1− b) and Jmin(12 , 12 , 12 ) =
−6Jeff3 = −6Jb, so that the phase boundary between
the (1, 1, 0) and (12 ,
1
2 ,
1
2 ) states is given by b = 1/4: for
b < 1/4 the (1, 1, 0) state is stable, while for b > 1/4,
the (12 ,
1
2 ,
1
2 ) state is realized. This simple analysis is
consistent with the MC result obtained in the original
site-phonon Heisenberg model [37].
We shall turn to the breathing pyrochlore lattice with
J ′/J ≤ 1. The concrete expression of the lowest
eigen value is given in Appendix A. To see the J ′/J-
dependence, we first consider the simplified case of b′ = b
(b, b′ < 1). Comparing Jmin(1, 1, 0) with Jmin(12 ,
1
2 ,
1
2 ),
6we obtain the following condition of the (1, 1, 0) spin state
being more stable:
√
J ′
J
≥ r −
√
r2 − 1, r = 3
8
1− 2b
b(1− b) ,
b ≤ 1
4
. (13)
This phase boundary in the b−J ′/J plane is depicted by
an orange curve in Fig. 1(a). Noting that r − √r2 − 1
depends only on b, one finds that for a fixed value of b,
the (1, 1, 0) state becomes unstable against the (12 ,
1
2 ,
1
2 )
state with decreasing the ratio J ′/J . Furthermore, since
r −√r2 − 1→ 0 in the b→ 0 limit, the phase boundary
always exists as long as b 6= 0. Thus, in principle, even for
weak SLC, the (12 ,
1
2 ,
1
2 ) state becomes favorable if J
′/J
can be tuned to a sufficiently small value. Of course, in
reality, the SLC parameters b and b′ are correlated to
J ′ and J in the form of Eq. (5), so that independent
parameter tuning would be difficult.
In the general case of b 6= b′ (b, b′ < 1), the stability
condition of the (1, 1, 0) state is given by
R− ≤
√
J ′
J
≤ min(1, R+),
R± = r˜ ±
√
r˜2 − 1− b
1− b′ , r˜ =
3
8
(1− b√
bb′
−
√
bb′
1− b′
)
.
(14)
The phase boundary (14) in the b − b′ − J ′/J space is
presented by orange mesh in Fig. 1(b). One can see that
this simple analytic result for the effective Ising model
is in good agreement with the numerical results for the
original site-phonon Heisenberg model depicted by col-
ored points in Fig. 1(b).
IV. MONTE CARLO RESULT IN THE WEAK
SLC REGIME
In the previous section, we discussed the ordering prop-
erties of collinear spin states by analyzing the effective
Ising model. Now, we shall return to the original site-
phonon Heisenberg model and investigate its low tem-
perature magnetic properties by means of MC simula-
tions. In our MC simulations, we basically perform 106
Metropolis sweeps at each temperature in the cooling run
under periodic boundary conditions, where the first half
is discarded for thermalization. In a single spin flip at
each site, we first try to update a spin to a randomly
chosen new spin state, and subsequently try to rotate a
spin by the angle pi around the local mean field. These
two updates are performed by the standard Metropolis
algorithm [51]. Observations are done in every 5 MC
steps and the statistical average is taken over 8 indepen-
dent runs. Since the cubic unit cell contains 16 sites [see
Fig. 4(d)], a total number of spins N is N = 16L3 for a
system size L.
FIG. 4: MC results obtained in the weak SLC regime at
b = b′ = 0.15. (a) The temperature dependences of the spe-
cific heat C (upper panel) and the spin collinearity P (lower
panel). Green, blue, and red colored symbols denote the data
for J ′/J = 1, 0.6, and 0.2, respectively. (b) and (c) Spin and
lattice-distortion structure factors FS(q) and FL(q) in the or-
dered state in the (h, k, h) plane at T/J = 0.03 for J ′/J = 0.2
and L = 8. (d) Corresponding spin and lattice-distortion
snapshots at T/J = 0.01. Red (blue) arrows represent up
(down) spins and green arrows represent local lattice distor-
tions u∗i . A thin dotted box denotes a cubic unit cell of edge
length a. (e) A snapshot of u∗i on the xy- and xz-planes of
the lattice, where green arrows in the upper and lower pan-
els represent the xy- and xz-components of u∗i , respectively.
Gray (orange) colored boxes correspond to gray (yellow) col-
ored tetrahedra in (d), and red (blue) triangles denote the up
(down) spins in (d). The small tetrahedron at the center of
the cubic unit cell is outlined by black dots in (d) and (e).
By measuring various physical quantities such as the
spin collinearity P and the spin and lattice-distortion
structure factors FS(q) and FL(q), we identified the low-
temperature ordered phase for various sets of the param-
eters b, b′, and J ′/J . We find four different types of
spin-lattice-coupled orders, the stability regions of which
are summarized in Fig. 1. In the smaller b and b′ (weaker
SLC) region, the tetragonal-symmetric long-range-order
characterized by (1, 1, 0) magnetic Bragg peaks are re-
alized, while in the relatively larger b and b′ (stronger
7SLC) region, we found three different types of ordering
patterns, all of which are characterized by (12 ,
1
2 ,
1
2 ) mag-
netic Bragg reflections. In this section, we will discuss
the (1, 1, 0) state realized in the weaker SLC regime.
In the weak SLC regime, the ordering properties of the
uniform pyrochlore lattice are not altered by the breath-
ing lattice-distortions. Figure 4(a) shows temperature
dependences of the specific heat C and the spin collinear-
ity P for b = b′ = 0.15 in the weak SLC regime. One can
see that the system undergoes a first-order transition into
a collinear spin state in all cases. Although the transition
temperature decreases with decreasing J ′/J , the first-
order character remains unchanged. The spin structures
in the low-temperature ordered phases are characterized
by the (1, 1, 0)-type Bragg peaks. Figure 4(b) shows
a typical spin structure factor FS(q) obtained in the
breathing case of J ′/J = 0.2, where high-intensity peaks
are found in the (h, k, h) plane, i.e., the magnetic Bragg
peaks at±(1, 0, 1) and±(1, 2, 1). If the spin order is cubic
symmetric, one should find same-height Bragg peaks at
all the cubic-symmetric points ±(1, 1, 0), ±(1, 0, 1), and
±(0, 1, 1). The obtained ordered phase, however, picks up
only one of the three, namely, ±(1, 0, 1), so that its mag-
netic structure is tetragonal symmetric. This argument
can be confirmed also from the corresponding real-space
spin configuration shown in Fig. 4(d). The ↑↓↑↓ chains
are running along the facing two tetrahedral bonds, i.e.,
the [101] and [101] directions, while the ↑↑↓↓ chains are
running along the remaining four tetrahedral bonds ,i.e.,
the [110], [110], [011], and [011] directions.
The associated local-lattice-distortion pattern also re-
flects this tetragonal symmetry. As shown in Fig. 4(e),
the local lattice-distortion vector u∗i does not have the
y-component and is restricted only in the xz-plane show-
ing the commensurate behavior which is reflected in the
lattice-distortion structure factor FL(q) as the Bragg
peaks at all (±1,±1,±1) points [Fig. 4(c)].
Although the y direction is special in this particular
spin configuration, which one is selected among the three
equivalent points ±(1, 1, 0), ±(1, 0, 1), and ±(0, 1, 1) de-
pends on the initial condition of the MC simulation.
Thus, we call the ordered state “the (1, 1, 0) state” in-
dependent of selected directions. We note that in our
MC simulations, we often encounter domain states con-
sisting of two kinds of different (1, 1, 0) domains such as
(1, 1, 0) and (0, 1, 1) domains [37].
Now, we look into the real-space spin configuration in
units of tetrahedron. The collinear (1, 1, 0) state consists
only of two-up and two-down (2u2d) tetrahedra. This is
because weaker SLC yields weaker effective further neigh-
bor interactions and thus the spin ordering is strongly
subject to the local constraint due to the NN interac-
tion, Eq. (10). Concerning the local lattice distortion,
all the small and large tetrahedra respectively have the
same distortions [see green arrows in Figs. 4(d) and (e)].
Such a situation is also true for the (1, 1, 0) state realized
on the uniform pyrochlore lattice [37].
From this classification of the lattice distortion, the
relation between the present site-phonon model and the
phenomenological theory of SLC in the uniform py-
rochlore antiferromagnets [29] becomes clear. The basic
assumption of the latter approach is that all tetrahedra of
the same orientation have the same lattice distortion. As
the lattice distortion in the (1, 1, 0) state satisfies this as-
sumption, the site-phonon model is equivalent to the phe-
nomenological theory in which the (1, 1, 0) state has been
discussed [28, 29, 42]. Note that the corresponding phe-
nomenological theory for the breathing pyrochlore lat-
tice is not available, and even on the uniform pyrochlore
lattice, this equivalence holds only for the weak SLC.
Stronger SLC, on the other hand, induces stronger effec-
tive further neighbor interactions, so that in the strong
SLC regime, the local constraint Eq. (10) is not satis-
fied any more, leading to the (12 ,
1
2 ,
1
2 ) magnetic orders
consisting of various types of tetrahedral configurations.
In the next section, we will discuss the (12 ,
1
2 ,
1
2 ) state
realized in the strong SLC regime, which is not accessi-
ble by the phenomenological theory even for the uniform
pyrochlore lattice.
V. MONTE CARLO RESULT IN THE STRONG
SLC REGIME
The analytical result in Sec. III indicates that the
(12 ,
1
2 ,
1
2 ) magnetic order is favored with increasing the
strength of either the SLC (increasing b and b′) or the
breathing alternation (decreasing J ′/J). This is sup-
ported by our MC simulations of the site-phonon Heisen-
berg model. As summarized in Fig. 1, the (12 ,
1
2 ,
1
2 )-type
magnetic Bragg peaks are observed basically at stronger
SLC. When the breathing lattice-distortion is strong
enough such that J ′/J = 0.1, the Bragg peaks of this
type are observed also at moderate SLC. The (12 ,
1
2 ,
1
2 )-
type magnetic order has three distinct types, which we
call type I, II, and III as shown in Fig. 1. It will be shown
that in all the cases, spins order collinearly through a
first-order transition and that the three types of the
(12 ,
1
2 ,
1
2 ) states have different tetrahedral configurations
(see Table.I). In particular, the type-II and type-III or-
ders are induced by the breathing lattice-alternation, and
the massive ground-state degeneracy inherent to their
non-cubic spin structures might show up as the macro-
scopic residual entropy.
A. The type-I ( 1
2
, 1
2
, 1
2
) magnetic order
The type-I order is realized in the wide range of the
parameter space including J ′/J = 1 which corresponds
to the uniform pyrochlore lattice. As an example of
the type-I order, the MC result for b = b′ = 0.35 and
J ′/J = 0.6 is shown in Fig. 5. One can see from the
upper panel of Fig. 5 (a) that the system exhibits a first-
order transition into a collinear spin state with P 6= 0,
and from Fig. 5 (b) that the low-temperature phase is
8FIG. 5: MC results for the type-I order obtained in the strong
SLC regime at b = b′ = 0.35 and J ′/J = 0.6. (a) The temper-
ature dependences of the specific heat C, the spin collinearity
P (upper panel), and the average spin and lattice Bragg in-
tensities OS
( 1
2
1
2
1
2
)
and OL(110) (lower one). (b) and (c) Spin and
lattice-distortion structure factors FS(q) and FL(q) in the or-
dered state in the (h, h, l) plane at T/J = 0.15 for L = 8. (d)
and (e) Spin and lattice-distortion snapshots at T/J = 0.01,
where in (e), the yz-component of u∗i on the yz plane of the
lattice is shown. The small tetrahedron at the center of the
cubic unit cell is outlined by black dots in (d) and (e). Nota-
tions are the same as those in Fig. 4.
characterized by the magnetic Bragg peaks appearing at
(12 + nh,
1
2 + nh,
1
2 + nl) with nh and nl integers. We
have checked that the spin structure factor FS(q) has
the Bragg peaks of the same height at all the cubic-
symmetric families of (12 ,
1
2 ,
1
2 ), i.e., (± 12 ,± 12 ,± 12 ), and
thus, the ordered phase is a cubic-symmetric multiple-q
state. The real-space spin configuration is shown in Fig.
5(d). The type-I order is constructed by the alternating
array of the two types of cubic unit cells, i.e., the up-
per and lower cubic unit cells in Fig. 5(d). Thus, the
type-I (12 ,
1
2 ,
1
2 ) magnetic order is composed of ↑↑↓↓ spin-
chains running along all the tetrahedral bonds, namely,
the [110] and cubic-symmetric directions [37]. Once the
spin configuration is fixed, the local lattice distortions u∗i
is given by Eq. (4). The associated local lattice distortion
is also cubic-symmetric, as u∗i projected on the xy and
xz planes look the same as the yz projection shown in
Figs. 5(e). The commensurate periodic pattern of u∗i is
signaled by the multiple Bragg peaks of equal heights at
all (±1,±1, 0), (±1, 0,±1), and (0,±1,±1) points in the
lattice-distortion structure factor FL(q) [see Fig. 5(c)].
In the lower panel of Fig. 5 (a), we show the temper-
ature dependences of the averaged values of the Bragg
peaks for FS(q) and FL(q), which are respectively de-
fined by OS
( 1
2
1
2
1
2
)
= 2
∑
h,k,l=±1/2 FS(h, k, l) and O
L
(110) =
(1/12)
∑
h,k=±1
[
FL(h, k, 0) + FL(h, 0, k) + FL(0, h, k)
]
.
Both OS
( 1
2
1
2
1
2
)
and OL(110) evolve with decreasing the tem-
perature below the first-order transition temperature, so
that these two quantities serve as the order parameters
of this spin-lattice-coupled order.
In units of tetrahedron, this spin state is composed of
6 two-up and two-down (2u2d), 1 four-up (4u), and 1
four-down (4d) small tetrahedra and 4 three-up and one-
down (3u1d) and 4 one-up and three-down (1u3d) large
tetrahedra (see Table I). As one can see from Fig. 5(d),
one cubic unit cell and a neighboring one respectively
contain 4u and 4d tetrahedra at each center [see the small
tetrahedra outlined by black dots in Fig. 5(d)], which are
surrounded by down and up spins, respectively. Small
tetrahedra other than the 4u and 4d ones are the 2u2d
one. As we will see below, the spin configurations of the
central small tetrahedra differ among the type-I, type-II,
and type-III orders.
B. The type-II and type-III ( 1
2
, 1
2
, 1
2
) magnetic
orders
The type-II and type-III orders are realized on
the breathing pyrochlore lattice with strong bond-
alternations. As one can see from Fig. 1, the type-II
order is realized in the strong-SLC case with small val-
ues of J ′/J , whereas the type-III order is realized in the
moderate-SLC case with much smaller values of J ′/J ,
e.g., J ′/J = 0.1. In particular, in the general case of
b 6= b′, the type-III order can be stabilized for relatively
small b if b′ is large enough, as is demonstrated in Fig.
7. Note that, in contrast to the type-I order, the type-II
and type-III orders are realized only in the breathing-
pyrochlore case. Typical examples of these two orders
are shown in Figs. 6 and 7. In both cases, a first-
order transition into a collinear spin state occurs, and the
low-temperature ordered phase is characterized by the
(12 ,
1
2 ,
1
2 )-type magnetic Bragg peaks in FS(q). The peak
heights at (± 12 ,± 12 ,± 12 ) and (± 32 ,± 32 ,± 32 ) are all the
same, but are slightly higher than those at (± 32 ,± 32 ,± 12 )
and (± 12 ,± 12 ,± 32 ) families, in contrast to the type-I case
where all the (12 +nh,
1
2 +nk,
1
2 +nl) (nh, nk, nl : integer)
are equivalent. This is reflected in the temperature de-
pendence of the averaged value of the (12 ,
1
2 ,
1
2 ) magnetic
9FIG. 6: MC results for the type-II order obtained in the strong
SLC regime at b = b′ = 0.35 and J ′/J = 0.2. Notations are
the same as those in Fig. 5. The structure factors [(b) and
(c)] and the snapshots [(d) and (e)] are obtained at T/J = 0.1
and at T/J = 0.01, respectively.
Bragg peaks. As one can see from the lower panels of
Figs. 6(a) and 7(a), OS
( 1
2
1
2
1
2
)
in the type-II and type-III
orders approaches a value slightly deviated from unity,
implying that the spin ordering patterns differ from the
type-I structure. The change in the ordering pattern
can clearly be seen in the associated lattice distortion.
In Figs. 6 and 7, the lattice-distortion order parameter
for the type-I order OL(110) is strongly suppressed in the
type-II and type-III orders, and instead, the (1, 1, 1)-type
Bragg peaks show up in FL(q) as can be seen from Figs.
6(c) and 7(c).
The MC snapshots taken in the low-temperature or-
dered phases are shown in Figs. 6(d) and 7(d). Although
it is difficult to figure out ordering rules for spin itself, all
the three phases characterized by the (12 ,
1
2 ,
1
2 ) magnetic
Bragg peaks obey a common rule in units of tetrahedron,
an alternating array of the two kinds of the cubic unit
cells. As mentioned above, in the type-I order, each cu-
FIG. 7: MC results for the type-III order obtained in the
strong SLC regime at b = 0.2, b′ = 0.32, and J ′/J = 0.1. No-
tations are the same as those in Fig. 5. The structure factors
[(b) and (c)] and the snapshots [(d) and (e)] are obtained at
T/J = 0.06 and at T/J = 0.01, respectively.
bic unit cell of one kind has the 4u small tetrahedron
at its center, whereas each of the other kind has the 4d
one. In the type-II order, the 4u and 4d central tetra-
hedra are replaced with the 3u1d and 1u3d ones, respec-
tively, while the 2u2d off-center small tetrahedra remain
unchanged. In the type-III order, both the 4u and 4d
central tetrahedra are replaced with the 2u2d one keep-
ing the off-center small tetrahedra the same, and thus, all
the small tetrahedra are the 2u2d one. The ratio of the
numbers of the 4u, 3u1d, 2u2d, 1u3d, and 4d tetrahedra
is summarized in Table I. Because of the configuration
change in the central small tetrahedra from the isotropic
4u (4d) into the anisotropic 3u1d (1u3d) or 2u2d, spin
chains along the [110] and its cubic-symmetric directions
become non-equivalent, namely, the spin states in the
type-II and type-III orders become non-cubic. This sym-
metry lowering is reflected in the associated local lattice
distortions. As shown in Figs. 6(e) and 7(e), u∗i on the
central small tetrahedra are strongly disturbed and the
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cubic symmetry of u∗i is not kept any more.
Now that the ordering patterns of the three (12 ,
1
2 ,
1
2 )
states are unveiled, we shall discuss why the type-II and
type-III structures are induced by the breathing lattice-
distortions. Bearing the ground states of the three types
of collinear magnetic orders in our mind, we will exam-
ine relative stabilities among them based on the effec-
tive Ising model, Eq. (11). With increasing the breath-
ing lattice-distortion, namely, decreasing J ′/J , the ratio
Jeff1 /J
eff
1′ =
J
J′
1−b
1−b′ increases, so that the NN antiferro-
magnetic interaction for small tetrahedra Jeff1 tends to be
more respected and all the small tetrahedra try to satisfy
the local constraint Eq. (10). As a result, with decreasing
J ′/J , the 4u (4d) central small tetrahedra in the type-I
order become 3u1d (1u3d) and ultimately 2u2d, which
respectively correspond to the type-II and type-III or-
ders. At the level of a single tetrahedron, there are 1,
4, and 6 possible spin configurations for the 4u or 4d,
the 3u1d or 1u3d, and the 2u2d tetrahedra, respectively.
As we will see below, in the type-II and type-III orders,
the 4-fold and 6-fold degeneracies at each central small
tetrahedron result in the macroscopic residual entropy of
the whole system.
C. Residual entropy
As mentioned above, the difference among the type-I,
type-II, and type-III orders consists in the spin configu-
ration at the central small tetrahedra in the cubic unit
cell. In their ground states where the collinearly aligned
spins could be regarded as Ising spins, the number of
states (NOS) of the isolated 3u1d or 1u3d central small
tetrahedron is 4 and that of the 2u2d one is 6, while the
NOS of the 4u or 4d one is 1. In the type-I order, as the
total NOS is O(1), the entropy per spin vanishes in the
thermodynamic limit. The question is how many NOS
the ground state has if the 4u (4d) central small tetrahe-
dra in the type-I order is replaced with the 3u1d (1u3d)
or 2u2d one which respectively correspond to the type-II
and type-III orders. In the original type-I order shown
in Fig. 5(d), the 4u (4d) tetrahedron is surrounded by
down (up) spins and all the surrounding spins are con-
nected to the outer 2u2d tetrahedra, constituting ↑↑↓↓
chains. Thus, the four spins on the 4u or 4d tetrahedron
have the same numbers of the second-NN up and down
TABLE I: Tetrahedral spin configurations, the total number
of states (NOS), and the resultant residual entropy per spin
sR in the type-I, type-II, and type-III orders.
type tetra. size 4u 3u1d 2u2d 1u3d 4d NOS sR/kB
I
small 1 : 0 : 6 : 0 : 1
O(1) 0
large 0 : 4 : 0 : 4 : 0
II
small 0 : 1 : 6 : 1 : 0
O(1) × 4L
3 ln(4)
16large 1 : 3 : 0 : 3 : 1
III
small 0 : 0 : 8 : 0 : 0
O(1) × 6L
3 ln(6)
16large 2 : 2 : 0 : 2 : 2
FIG. 8: The temperature dependences of the specific heat C
(upper panel), the average magnetic Bragg intensity OS
( 1
2
1
2
1
2
)
(middle panel), and the entropy per spin S/(kBN) (lower
panel) obtained in the effective Iing model Eq. (11) with
L = 4. Cyan, blue, and green points denote the data for the
type-I (b = b′ = 0.35 and J ′/J = 0.6), type-II (b = b′ = 0.35
and J ′/J = 0.2), and type-III (b = 0.2, b′ = 0.32, and
J ′/J = 0.1) orders, respectively. Error bars are smaller than
symbols. In the middle panel, horizontal arrows represent
the T = 0 OS
( 1
2
1
2
1
2
)
-values of the corresponding site-phonon
Heisenberg model. In the lower panel, dashed lines represent
S/(kBN) = ln(2) (top),
ln(6)
16
(middle), and ln(4)
16
(bottom).
spins and the third-NN ones. Since in Eq. (11), a spin
interacts with up to the third NN ones, the local energies
relevant to the four spins are all the same. Now, we con-
sider the case where the 4u single tetrahedron is replaced
with a 3u1d one. Because all the four sites on the orig-
inal 4u tetrahedron are energetically equivalent to one
another, one can freely pick up one of the four sites for
the down spin of the 3u1d tetrahedron. Thus, there are
4 different possible spin-configurations. In other words,
the 3u1d tetrahedron interacting with outer tetrahedra
possesses the same 4-fold degeneracy as that for the iso-
lated one. Furthermore, as the extent of the interaction
is within the third-NN spins, central small tetrahedra are
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not directly correlated to each other, so that all the 4u
(4d) tetrahedra can be replaced with 3u1d (1u3d) ones
independently. Noting that one cubic unit cell contains
only one central small tetrahedron and each 3u1d or 1u3d
central small tetrahedron has the 4-fold degeneracy, the
total NOS in the type-II order is calculated as 4L
3×O(1).
The same counting method can also be applied to the
type-III order in which the 4u and 4d tetrahedra in the
original type-I order is replaced with the 2u2d ones. As
the single 2u2d tetrahedron has 6-fold degeneracy, the
total NOS in the type-III order is 6L
3 ×O(1). With in-
creasing the total number of spins N = 16L3, the NOS’s
in the type-II and type-III orders exponentially increase,
suggestive of the massive degeneracy of the ground state
in these orders. Given the total NOS, one obtain the
ground-state entropy, namely, the residual entropy, per
spin sR from the Boltzmann’s entropy formula as 0, ln(4)16 ,
and ln(6)16 for the type-I, type-II, and type-III orders, re-
spectively. Here, we have ignored the ln(O(1))16L3 correction
which vanishes in the thermodynamic limit of L→∞.
To verify the above argument, we calculate the en-
tropy of the system S(T ) by means of MC simulations.
Since the classical Heisenberg spins exhibit a patholog-
ical behavior that the entropy diverges toward T = 0,
we employ instead to estimate the entropy the effective
Ising model Eq. (11), bearing the collinear spin states in
mind. Figure 8 shows the temperature dependences of
the specific heat C, the averaged magnetic Bragg inten-
sity OS
( 1
2
1
2
1
2
)
, and the entropy per spin S/(kBN) for the
type-I (cyan), type-II (blue), and type-III (green) orders
obtained for L = 4. At low temperatures, we have per-
formed 2×105−2×107 MC sweeps by using the tempera-
ture exchange method [52], the first half being discarded
for thermalization. The entropy S(T ) is extracted from
the relation S(T )/(kBN) = ln(2)−
∫∞
T
C(T ′)
T ′ dT
′ (for de-
tails, see Appendix B).
As one can see from the middle panel of Fig. 8, in each
case, OS
( 1
2
1
2
1
2
)
at the lowest temperature coincides with the
corresponding value obtained in the original site-phonon
Heisenberg model which is indicated by horizontal ar-
rows in the middle panel of Fig. 8, suggesting that the
observed ordred phases are Ising analogs of the type-I,
type-II, and type-III orders of the Heisenberg model. In
each of the three cases, the entropy per spin S(T )/(kBN)
saturates to a constant value at temperatures lower than
the sharp drop associated with the magnetic transition
between the paramagnetic and (12 ,
1
2 ,
1
2 ) states. The satu-
ration values, namely, the residual entropies, in the three
cases are close to 0, ln(4)16 , and
ln(6)
16 , in good agreement
with the analytical estimates in the type-I, type-II, and
type-III orders, respectively. We note that in the type-III
order, the specific heat C(T ) and the entropy S(T ) re-
spectively exhibit a small bump and an associated weak
kink near T/J ≃ 0.6 above the magnetic transition at
T/J = 0.16 (see Fig. 8). This is associated with the
development of the local spin correlation on the small
tetrahedra, namely, the formation of the 2u2d configura-
tion on the small tetrahedra having the relatively strong
NN interaction Jeff1 = J(1 − b) compared with that for
the large tetrahedra Jeff1′ = J
′(1− b′).
We note in passing that concerning the type-I (12 ,
1
2 ,
1
2 )
order, the same magnetic order is reported in the spin-
ice Kondo-lattice model where our ‘up’ and ‘down’ spins
correspond to ‘in’ and ‘out’ spins [53] and in the J1-
J2-J3 Heisenberg model with J2 = J3 [54]. A com-
mon feature of the three models including the present
site-phonon model is the existence of a relatively strong
third-neighbor antiferromagnetic interaction. An addi-
tional breathing bond-alternation may induce the type-
II and type-III orders in the above two different models,
but we will leave this issue for our future work.
VI. SUMMARY AND DISCUSSIONS
In this paper, the effects of lattice distortions on the
spin ordering have been investigated in the classical an-
tiferromagnetic Heisenberg model on the breathing py-
rochlore lattice, where the breathing alternation is quan-
tified by J ′/J . Our MC simulations show that the
SLC originating from the site-phonons induces a first-
order transition into four different types of collinear spin
states. One is characterized by the (1, 1, 0) magnetic
Bragg peaks at weaker SLC, and the other three by the
(12 ,
1
2 ,
1
2 ) ones at stronger SLC. In the weak SLC regime,
the (1, 1, 0) spin state is tetragonal-symmetric and is ro-
bust against the breathing lattice-distortions, i.e., the de-
crease in J ′/J . In the strong SLC regime, the (12 ,
1
2 ,
1
2 )
spin state is cubic-symmetric down to moderate J ′/J ,
but with further decreasing J ′/J , it becomes non-cubic
with its magnetic Bragg reflections almost unchanged.
The non-cubic spin state peculiar to the breathing py-
rochlores takes two different ordering patterns depend-
ing on the value of J ′/J and the strength of the SLC.
We have demonstrated with use of the corresponding ef-
fective Ising model that the residual entropy associated
with these two non-cubic orderings takes characteristic
values of ≃ ln(4)16 kB and ≃ ln(6)16 kB per spin.
In the type-II and type-III orders, the framework of
the magnetic structure is long-range-ordered being re-
flected in the (12 ,
1
2 ,
1
2 ) magnetic Bragg peaks, whereas
the detailed spin configuration in each small tetrahedron
at the center of the cubic unit cell remains locally degen-
erate resulting in the residual entropy. In this respect, the
type-II and type-III orders are partially ordered states.
We emphasize again that such an emergent phenomenon
is induced by the breathing bond-alternation of the py-
rochlore lattice.
Now, we will discuss experimental implications of our
results. For the uniform pyrochlore lattice, we have al-
ready argued that the effect of the site phonon is rel-
evant to the spin-lattice-coupled ordering in chromium
spinel oxides [37]. For the breathing pyrochlore lat-
tices, the (1, 1, 0) state obtained at weaker SLC in the
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present model has the same spin structure as that in
the low-temperature ordered phase of the tetragonal do-
main in the breathing pyrochlore antiferromagnets Li(In,
Ga)Cr4O8 [9, 10]. The observed first-order nature of the
magnetic transition in LiGaCr4O8 with the weak bond-
alternation is in agreement with our result. This suggests
that the present site-phonon Heisenberg model captures
the essential part of the ordering mechanism not only of
uniform but also of breathing pyrochlore antiferromag-
nets. Although in contrast to our result, the magnetic
transition is of second order in LiInCr4O8, being sep-
arated by the structural one [8–11], this might be due
to quantum effects specific to this compound with the
strong bond-alternation. Indeed, the singlet formation
has been reported at slightly higher temperatures [8–11]
like in the case of the quantum breathing pyrochlore anti-
ferromagnet Ba3Yb2Zn5O11 having almost isolated tetra-
hedra [21–24]. Nevertheless, the SLC in LiInCr4O8 would
be a key ingredient for the magnetic long-range ordering
at lower temperatures, as is also suggested from the ob-
servation of the half-magnetization plateau [55, 56] which
in the uniform case, is considered to be a manifestation
of the SLC [3, 31–33, 38–40].
The (12 ,
1
2 ,
1
2 ) magnetic Bragg reflections, on the other
hand, have not yet been observed experimentally not only
in the breathing case but also in the uniform case [57].
Although it might be difficult to significantly enhance the
strength of both SLC’s b and b′, strong b′ may be possible
if the breathing alternation is strong enough, because the
relation b′ ∝ 1/J ′ holds. In particular, the type-III non-
cubic (12 ,
1
2 ,
1
2 ) order might be relatively easy to access
because it can be stabilized in the relatively small b and
large b′ region if J ′/J is sufficiently small. If such ma-
terial parameters are realized, collinearly aligned Heisen-
berg spins may freeze deep inside the type-III (12 ,
1
2 ,
1
2 ) or-
dered phase at lower temperatures. Such a spin freezing
would result in the distinct macroscopic residual entropy
estimated from the corresponding Ising model, ≃ ln(6)16 kB
per spin. The observation of such residual entropy could
be a definitive signature of the characteristic ordering,
similarly to the Pauling entropy in the spin-ice com-
pounds Dy2Ti2O7 and Ho2Ti2O7[58–61].
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Appendix A: J(q) for the effective Ising model Eq.
(11)
Via the Fourier transform σi =
∑
q
σa
q
exp(iq · ri), we
can rewrite the Ising Hamiltonian Eq. (11) into the fol-
lowing form (the notations are the same as those in the
main text) [49, 50]
HeffIsing − E0 =
1
2
∑
i,j
Jijσiσj =
N
8
∑
q
4∑
a,b=1
Jab(q)σa
q
σb−q
J11(q) = 2Jeff3
[
cos
(qx + qy
2
)
+ cos
(qz − qx
2
)
+cos
(qy − qz
2
)]
J22(q) = 2Jeff3
[
cos
(qx + qy
2
)
+ cos
(qy + qz
2
)
+cos
(qx + qz
2
)]
J33(q) = 2Jeff3
[
cos
(qz − qx
2
)
+ cos
(qx − qy
2
)
+cos
(qy + qz
2
)]
J44(q) = 2Jeff3
[
cos
(qy − qz
2
)
+ cos
(qx − qy
2
)
+cos
(qx + qz
2
)]
J12(q) =
[
J21(q)
]∗
= Jeff1 e
i 1
4
(qx+qy) + Jeff1′ e
−i 1
4
(qx+qy)
+4Jeff2 cos
(qz
2
)
cos
(qx − qy
4
)
J13(q) =
[
J31(q)
]∗
= Jeff1 e
i 1
4
(qx−qz) + Jeff1′ e
−i 1
4
(qx−qz)
+4Jeff2 cos
(qy
2
)
cos
(qx + qz
4
)
J14(q) =
[
J41(q)
]∗
= Jeff1 e
i 1
4
(qy−qz) + Jeff1′ e
−i 1
4
(qy−qz)
+4Jeff2 cos
(qx
2
)
cos
(qy + qz
4
)
J23(q) =
[
J32(q)
]∗
= Jeff1 e
−i 1
4
(qy+qz) + Jeff1′ e
i 1
4
(qy+qz)
+4Jeff2 cos
(qx
2
)
cos
(qy − qz
4
)
J24(q) =
[
J42(q)
]∗
= Jeff1 e
−i 1
4
(qx+qz) + Jeff1′ e
i 1
4
(qx+qz)
+4Jeff2 cos
(qy
2
)
cos
(qx − qz
4
)
J34(q) =
[
J43(q)
]∗
= Jeff1 e
−i 1
4
(qx−qy) + Jeff1′ e
i 1
4
(qx−qy)
+4Jeff2 cos
(qz
2
)
cos
(qx + qy
4
)
.
(A1)
The lowest eigen value at q = 2pia (1, q, 0), J
min(1, q, 0),
is calculated as
Jmin(1, q, 0)
=


−(Jeff1 + Jeff1′ ) · · · (Jeff3 < Jeff1 , Jeff3 < Jeff1′ )
3Jeff1′ − Jeff1 − 4Jeff3 · · · (Jeff1′ < Jeff3 , Jeff1′ < Jeff1 )
3Jeff1 − Jeff1′ − 4Jeff3 · · · (Jeff1 < Jeff3 , Jeff1 < Jeff1′ )
, (A2)
and the one at q = 2pia (
1
2 ,
1
2 ,
1
2 ), J
min(12 ,
1
2 ,
1
2 ), is calcu-
lated as
Jmin
(1
2
,
1
2
,
1
2
)
= Jeff1 + J
eff
1′ − 2Jeff3
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FIG. 9: The temperature dependence of the internal energy
per spin, U/N , in the effective Ising model Eq. (11). U is
measured in units of J and notations of the colored points are
the same as those in Fig. 8. Black dashed curves represent
the analytic form of U/N given by Eq. (B4).
−
√
3(Jeff1 − Jeff1′ )2 + (Jeff1 + Jeff1′ + 4Jeff3 )2.
(A3)
Appendix B: Entropy calculation
The entropy of the system is given by
S(T )/kB =
∫ T
0
[dU(T ′)
dT ′
]dT ′
T ′
=
U(T )
T
−
∫ 1/T
0
U(T ′)d
( 1
T ′
)
+ S(T =∞),
(B1)
where U(T ) = 〈H〉. Thus, the problem is reduced to in-
tegrating U(T ) over the temperature domain of [T,∞].
In the actual numerical calculation, to evaluate the in-
tegral on the right-hand side, we calculate U(T ) up to
a sufficiently high temperature T0 and use an analytic
form of U(T ) at higher temperatures [62]. For the Ising
Hamiltonian of the form H = ∑(i,j) Jijσiσj + E0, we
have
S(T =∞)/kB = N ln(2)
U(T ≫ Jij) ≃ E0 +
∑
(i,j)
Jij tanh
(
− Jij
T
)
. (B2)
For the present effective Ising model Eq. (11), Jij =
Jeff1 δj∈NS(i)+J
eff
1′ δj∈NL(i)+J
eff
2 δj∈NN(i)+J
eff
3 δj∈NNN(i)
and E0/N = −(3/2)(Jb+ J ′b′), so that the entropy per
spin is given by
S(T )
kBN
= ln(2) +
U/N
T
−
∫ 1/T
1/T0
U
N
d
( 1
T ′
)
− E0/N
T0
+
3
2
ln cosh
(Jeff1
T0
)
+
3
2
ln cosh
(Jeff1′
T0
)
+6 ln cosh
(Jeff2
T0
)
+ 3 ln cosh
(Jeff3
T0
)
. (B3)
To determine the upper cutoff T0, we compare the numer-
ically obtained U(T ) curve to the analytically obtained
one.
As one can see from Fig. 9, the high-temperature an-
alytic form of the internal energy
U
N
≃ E0
N
− 3
2
Jeff1 tanh
(Jeff1
T
)
− 3
2
Jeff1′ tanh
(Jeff1′
T
)
− 6Jeff2 tanh
(Jeff2
T
)
− 3Jeff3 tanh
(Jeff3
T
)
(B4)
is in good agreement with the numerically obtained tem-
perature dependence of U/N down to T/J ≃ 50. Thus,
we take the upper cutoff for the numerical calculation to
be T0/J = 200.
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